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The system Bi2(n + 2)MonO6(n + 1) is described within the

superspace formalism. Two superspace models are proposed

for the different members of this family, depending on the

parity of the parameter n. The superspace model for the odd

members is constructed through the embedding of the cationic

distribution of the member with n = 3, and the modification of

a superspace model previously proposed for the compound

Bi2MoO6. However, this model cannot be applied to the even

members of the family. Performing the appropriate transfor-

mations, a suitable superspace model for the even members is

obtained. The atomic structure of the different compounds of

the family have been refined through the Rietveld method

combining synchrotron X-ray and neutron powder diffraction

data.
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1. Introduction

Due to the functional properties of some compounds obtained

within the Bi2O3–MoO3 system, mainly catalysts (Galvan et al.,

1993; Agarwal et al., 1994) and good ionic conductors (Vannier

et al., 2000; Galy et al., 2006; Holmes et al., 2008), this binary

system has been extensively studied. Within this context, four

new compounds, Bi10Mo3O24, Bi6Mo2O15, Bi14Mo5O36 and

Bi8Mo3O21, have been found in the mBi2O3–MoO3 system,

corresponding to m = 1.666, 1.500, 1.400 and 1.333 (Vila et al.,

2004, 2005, 2007). Samples synthesized within the range of

composition 1.0 < m < 1.7 were studied and characterized by

powder X-ray diffraction and transmission electron micro-

scopy, confirming the existence of the above-mentioned single

phases and a mixture of phases for intermediate compositions.

These compounds can be considered as members of the series

Bi2(n + 2)MonO6(n + 1) with n = 3, 4, 5 and 6. The two end-

members of this series are the well known Bi2O3 (for n = 0)

and Bi2MoO6 (for n ¼ 1). The structure of the different

compounds of this system are related to that of fluorite, except

for the end Mo-rich member, Bi2MoO6, that exhibits an

Aurivillius-type structure. Lattice parameters and space

groups are summarized in Table 1 of Vila et al. (2007) and

references therein.

The crystal structure of the n ¼ 3 member, i.e. Bi10Mo3O24,

was determined by Galy et al. (2009) following a multi-tech-

nique approach. The cationic Bi and Mo distribution was

established with the help of high-resolution transmission

electron microscopy (HRTEM) images. Assuming some

crystal chemistry hypotheses, a structural model was built

within the space group C2 and refined through the Rietveld

method combining X-ray and neutron powder diffraction

(XPD and NPD) data. The structure can be described as a

stacking of puckered [Bi10O12] layers parallel to the ð010Þ

plane, combined with groups of three isolated {MoO4} tetra-
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hedra. With this model and the geometric relation between the

cells of the different members of the series, an extension of the

same structural model to the whole family was proposed.

According to this model, the n ¼ 5 member keeps the same

C2 space group with five tetrahedral units, while members

with n ¼ 4 and n ¼ 6 present an arrangement of four and six

tetrahedra with the space group P21=a.

More details about the cationic skeleton were reported by

Landa-Cánovas et al. (2009), based on HRTEM images of

members with n = 4, 5 and 6. Simulated HRTEM images

performed with heavy-atom models match the experimental

images, supporting the proposed cation framework. Moreover,

the authors reinterpret the diffraction patterns assuming for

even members (n = 4 and 6) a different a parameter whose

value is half the original one proposed by Vila et al. (2007) and

assign the space group P21 to these two phases. Since the new

a parameter and space group of n even phases are only

justified by the model of cations, it is very plausible that the

entire structure with the O atoms corresponds to another cell

and space group. In any case, the regularities of the proposed

cationic array suggest that this model will exist for all

members, even those which have not been experimentally

observed (n = 1 and 2). As pointed out by Landa-Cánovas et

al. (2009), the case with n ¼ 1 (Bi2MoO6) could seem

inconsistent with the above statement as its Aurivillius-type

structure (van den Elzen & Rieck, 1973) consists of {MoO6}

corner-sharing octahedral layers periodically stacked with

Bi2O3 layers. However, the connection between the two types

of structures can be found if we consider that a shift of Mo

atoms towards an equatorial edge of the octahedra transforms

these units into isolated tetrahedra. The transition between

the Aurivillius-type structure and the cationic array of any

member of the series is established through a crystallographic

shear breaking the [Bi2O2] layer to accommodate the addi-

tional Bi2O3 that fits the composition of the member. This

mechanism applied to every three, four, five or six {MoO6}

units leads to the corresponding structural model for each

member of the series (Figs. 6 and 7 in Landa-Cánovas et al.,

2009).

The relationship between the unit-cell parameters of this

series of compounds and the fluorite unit cell becomes clear

through the electron diffraction pattern obtained for each

phase (Vila et al., 2007). As an example, the ðh 0 lÞ section of

the weighted reciprocal space for member n ¼ 3 is repre-

sented in Fig 1. The diffraction pattern can be described as

consisting of two types of Bragg peaks, main and super-

structure reflections. Main reflections, usually stronger than

the rest, can be clearly identified and described with the basic

fluorite-type reciprocal cell. Considering the corresponding

reciprocal vectors fa�F; b�F; c�Fg, the following structural rela-

tionship can be established between the actual and the basic

cells (Vila et al., 2007)

a

b

c

0
@

1
A ¼

nþ 1 0 1

0 1 0

� 1
2 0 3

2

0
@

1
A

aF

bF

cF

0
@

1
A; ð1Þ

where n = 3, 4, 5 and 6 refers to each member of the family.

The remaining weak reflections can be indexed as super-

structure reflections of the basic fluorite cell.

An alternative description of the diffraction patterns in the

context of the superspace crystallography requires the

consideration of the main reflections as associated with a basic

cell (fluorite type), and the superstructure reflections as

satellite reflections due to a modulation wavevector q.
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Table 1
Experimental details corresponding to the different compounds of the system Bi2(n + 2)MonO6(n + 1).

Member n ¼ 3 n ¼ 4 n ¼ 5 n ¼ 6

Crystal data
Chemical formula Bi10Mo3O24 Bi6Mo2O15 Bi14Mo5O36 Bi8Mo3O21

Mr 2761.60 1685.74 3981.38 2295.64
Crystal system, space group Monoclinic, C2 Monoclinic, P21=a Monoclinic, C2 Monoclinic, P21=a
Temperature (K) 295 295 295 295
a, b, c (Å) 23.72316 (5), 5.64745 (1),

8.68034 (2)
29.0708 (1), 5.64841 (2),

8.66155 (4)
34.4733 (2), 5.64098 (3),

8.64528 (5)
39.9117 (5), 5.63012 (6),

8.63676 (9)
� (�) 95.8734 (1) 97.9832 (2) 99.6966 (3) 100.9773 (7)
V (Å3) 1156.847 (4) 1408.477 (9) 1657.17 (2) 1905.23 (4)
Z 2 4 2 4

X-ray data collection
Specimen mounting Standard holder Standard holder Standard holder Standard holder
Data collection mode Reflection Reflection Reflection Reflection
Scan method Step Step Step Step
2� values (�) 5, 35, 0.003 5, 35, 0.003 5, 35, 0.003 5, 35, 0.003
(max/min/step) 35, 65.5, 0.005 35, 65.5, 0.005 35, 65.5, 0.005 35, 65.5, 0.005
Wavelength (Å) 0.91846 0.91846 0.91846 0.91846

Neutron data collection
Specimen mounting Vanadium can (ø = 8 mm) Vanadium can (ø = 8 mm) Vanadium can (ø = 8 mm) Vanadium can (ø = 8 mm)
Data collection mode Transmission Transmission Transmission Transmission
Scan method Step Step Step Step
2� values (�) 0, 159.95, 0.05 0, 159.95, 0.05 0, 159.95, 0.05 0, 159.95, 0.05
(max/min/step)
Wavelength (Å) 2.39968 (3) 2.39979 (7) 2.39973 (5) 2.4004 (1)



According to this scheme, each Bragg peak of the diffraction

pattern can be indexed with a reciprocal vector

H ¼ ha�F þ kb�F þ lc�F þmq; ð2Þ

where q is the modulation vector. The regularity observed in

the diffraction patterns of the series of compounds allowed

Vila et al. (2007) to propose a modulation vector different for

each compound, given by

qV ¼
1

3nþ 4
ð6a�F þ 2c�FÞ: ð3Þ

Since all members of the family present the same set of main

reflections and a modulation vector qV specific to each

compound, it is expected that these phases can be described

through a superspace model. This approach has already been

successfully applied to other systems with flexible composi-

tion-like systems AxBX3 derived from the hexagonal perov-

skite structure (Evain et al., 1998), the composites

A1þx(A0xB1�xÞO3 (Perez-Mato et al., 1999), the intergrowth

polytypes of the system LaTi1�xO3 (Elcoro et al., 2000) or the

series AnBnO3nþ2 (Elcoro et al., 2001). This last model has

been successfully applied to the n ¼ 4 member of the series

(Na,Ca)nNbnO3nþ2 (Elcoro et al., 2004) and the members n = 5

and 6 of the homologous series Can(Nb,Ti)nO3nþ2 (Guevarra et

al., 2007). In this context, each compound of the series is

described as a different distortion or modulation of a common

average structure.

In the present work we apply this approach to describe the

structure of the whole series by means of the superspace

formalism. Through the embedding of the three-dimensional

cationic distribution proposed for the n ¼ 3 member, a

convenient modulation vector has been chosen. Considering

the unit cell of the fluorite structure and this modulation

vector, a superspace model has been constructed from the

Aurivillius-type structure of the end-member Bi2MoO6.

However, this superspace model cannot be applied to even

members, since it leads to an incorrect three-dimensional unit

cell. Some modifications are required to build the corre-

sponding model for even members. As a result, the

compounds of the family Bi2ðnþ2ÞMonO6ðnþ1Þ are described

through two different superspace models, depending on the

parity of the parameter n. The atomic structures of the

different compounds have been refined and the superspace

models have been checked by the Rietveld method combining

X-ray powder diffraction (XPD) and neutron powder

diffraction (NPD) data.

2. Experimental

Samples of the compounds Bi10Mo3O24 (n ¼ 3), Bi6Mo2O15

(n ¼ 4), Bi14Mo5O36 (n ¼ 5) and Bi8Mo3O21 (n ¼ 6) were

synthesized through the wet-chemistry method described by

Vila et al. (2004).

The XPD data were obtained on the PDIFF beamline at the

ANKA Synchrotron Light Source in Karlsruhe. The

measurements were carried out in Bragg–Brentano geometry

with a wavelength of � = 0.91846 Å at room temperature. In

order to optimize peak resolution and counting statistics, the

diffraction patterns were collected in two stages. For 2�
between 5 and 35� an angular step of 0.003� was employed

with a counting time of 0.5 s per step; for 2� between 35 and

65.5� a larger angular step of 0.005� was used with a longer

counting time of 1 s per step. Each measurement was repeated

twice in order to improve counting statistics. The data were

normalized with the monitor counting rates.

The NPD data were measured on the high-resolution

diffractometer D2B at the Institute Laue–Langevin in

Grenoble. The experiments were carried out in Debye–

Scherrer geometry with a wavelength � = 2.39970 (3) Å from a

Ge(331) monochromator. The data were collected within an

angular range of 2� between 0 and 159.95� in steps of 0.05�.

Full diffraction profiles were measured with counting times of

5 h at room temperature.

Indexing the XPD patterns with the reported lattice para-

meters reveals the presence of a few unindexed lines which do

not correspond to the studied phases. The low intensities of

these peaks make the identification of the unknown phase

difficult, although the starting materials of the synthesis were

ruled out. The X-ray diffraction patterns also exhibit a small

amount of amorphous compound which has been included in

the modelled background. Moreover, the X-ray diffraction

patterns contain a common unidentified peak that has been

removed excluding a small region of the diffraction pattern. In

the X-ray diffraction pattern of the n ¼ 5 member another

unidentified peak at low angles has also been excluded. The

sample corresponding to the n ¼ 4 member also contains a

certain amount of the compound Bi14Mo5O36 (n ¼ 5).
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Figure 1
Section ðh 0 lÞ of the weighted reciprocal space of the member with n ¼ 3.
It corresponds to the ðh 0 l mÞ section within the superspace approach.
Main reflections (m ¼ 0) are related with the reciprocal unit cell of the
fluorite structure (dashed line). Two possible modulation vectors to index
satellite reflections are indicated (qV and qo). Note the fluorite F-centred
extinction.



Experimental details of the different data sets are

summarized in Table 1.

3. Member with n = 3

All structural refinements were performed with the software

package JANA2006 (Petřı́ček et al., 2006). This program

allows us to combine multiple data sets from X-ray and

neutron diffraction experiments to refine three-dimensional

and superspace models. Within this last approach, occupa-

tional modulation can be described by crenel or sawtooth

functions, which can be combined with displacive modulations

represented by the sum of harmonic or Legendre polynomial

series. Several of these features are used in this study.

In the refinement process the data blocks were combined

with no additional weighting factors. According to the scheme

used by the program JANA2006, the weight of each data point

is only based on the value of the corresponding �ðIÞ experi-

mentally obtained.

3.1. Refinement of the three-dimensional structure

Prior to the construction of the superspace models, the

three-dimensional structure determined for the n ¼ 3 member

by Galy et al. (2009) has been refined through the Rietveld

method employing the XPD and NPD data simultaneously.

Agreement between observed and calculated patterns for

both X-ray and neutron diffraction data is presented in Fig. S1

of the supplementary material1 and the final reliability factors,

given in Table 2, confirm the quality of the experimental data.

The three-dimensional structure is represented in Fig. 2.

Details of this structure are given in the deposited CIF file.

The refined atomic coordinates, which hardly differ from the

original ones, were used for the construction of the superspace

model.

3.2. Choice of the average unit cell and the modulation
vector

In general, the superspace formalism makes it possible to

construct a superspace model through the embedding of a

given three-dimensional structure. This process assigns a point

within the superspace unit cell to each atomic position in

three-dimensional space, thus allowing the definition of the

atomic domains like strings which represent atoms in super-

space formalism. A graphical representation of the embedding

process is illustrated in Fig. 3. For the embedding process only

an average unit cell and a modulation vector are required.

Thus, the embedding of the cation distribution of the member

with n ¼ 3 makes it possible to conveniently choose the

average unit cell and the modulation vector. Note that

different sections of the same superspace model are distin-

guished by the t parameter.

From the atomic distribution represented in Fig. 2, a face-

centred unit cell can be assumed for the description of the

positions of the cations. With this basic cell, all cations are

associated with the same average position and the embedding

process implies certain order along internal space. In super-

research papers

326 P. J. Bereciartua et al. � Structure refinement and superspace description Acta Cryst. (2012). B68, 323–340

Figure 2
Projection along the b axis of the three-dimensional structure of the
n ¼ 3 member. Bi and Mo atoms are located at y ’ 0 (small spheres) and
y ’ 1

2 (large spheres).

Figure 3
Embedding of the three-dimensional cationic distribution in superspace.
Using the three-dimensional unit cell of the average structure and the
modulation vector qV, the superspace lattice can be reconstructed, since
the three-dimensional space is a section of the (3 + 1)-dimensional
superspace perpendicular to the as4 direction. Applying the translational
symmetry of the superspace lattice � (arrows), each atom can be
associated with a point within the superspace unit cell. Note that atoms
represent a row of cations along the horizontal direction as shown in the
projection of Fig. 2. Bi (green) and Mo (blue) atoms are located at y ’ 0
(small spheres) and y ’ 1

2 (large spheres).

Table 2
Background-corrected reliability factors obtained with the XPD and
NPD patterns of the n ¼ 3 member using the three-dimensional and
superspace models.

Three-dimensional model Superspace model

XPD NPD XPD NPD

Rp 0.1253 0.1075 0.1254 0.1073
Rwp 0.1451 0.1104 0.1452 0.1106
S 1.23 1.97 1.23 1.98
RB(all) 0.0359 0.0429 0.0359 0.0421
RF(all) 0.0212 0.0283 0.0213 0.0281
No. of parameters 79 76 78 75

1 Supplementary data for this paper are available from the IUCr electronic
archives (Reference: SN5110). Services for accessing these data are described
at the back of the journal.



space formalism, this ordering is represented by the corre-

sponding occupational modulation. Different modulation

vectors will lead, in general, to different ordering along

internal space. Considering the different ordering obtained, a

suitable modulation vector can be chosen. The embedding of

the three-dimensional cation distribution of Fig. 2 performed

with the modulation vector qV results in the order along

internal space which is shown in Fig. 4(a). Note that cations

are distributed in six segments (crenels): three for Mo atoms

(blue) and three for Bi atoms (green). A more simple ordering

along internal space can be achieved employing the alter-

native modulation vector qo ¼
1

13 ð�2a�F þ 8c�FÞ indicated in

Fig. 1. The embedding with this wavevector gives rise to an

ordering of the cations which can be represented by only two

complementary crenel functions, one for each type of atom, as

shown in Fig. 4(b). In the superspace description, a crenel

function only requires two parameters: one for the centre

along the x4 direction (x0
4) and the other for the width of the

atomic domain (�). In our case, the obtained crenel functions

are given by the pairs x0
4 ¼ 0 and � ¼ 3

13 for the Mo atomic

domain and x0
4 ¼

1
2 and � ¼ 10

13 for the Bi atomic domain

(Fig. 4c). Therefore, the modulation vector qo allows a very

succinct description of the cation distribution.

This vector qo can be expressed as a function of the n

parameter, considering its relation with the modulation vector

qV. This relation can be inferred from the diffraction patterns

of the different members of the family [Fig. 1 and equation

(3)]

qo ¼
1

3nþ 4
ð�2a�F þ 2ðnþ 1Þc�FÞ: ð4Þ

During the embedding process of the cation distribution, the

symmetry group of the superspace model can also be deter-

mined. The resulting distribution obtained for the cations

within the superspace unit cell together with the displace-

ments associated with each of these atoms points out that the

superspace group is F2ð�0�Þ, which is equivalent to the stan-

dard group B2ð�0�Þ (No. 5.1 in International Tables for

Crystallography; Janssen et al., 2004). The face-centred unit

cell has been maintained to show the connection with the

fluorite-type structure of the compound �-Bi2O3. Since the

three-dimensional structure is a commensurate superstructure

of the basic one, only a finite number of points within the

crenels are relevant along the internal coordinate x4. These

relevant points are determined by fixing a value for the t

parameter, specifying which section of the superspace model

represents the three-dimensional structure. To recover a

three-dimensional atomic distribution with a Mo cation

located at a twofold axis (Fig. 2), it is necessary to consider

t ¼ 0 or any of its equivalent values.

3.3. Construction of the superspace model

As stated above, the two end-members of the system

Bi2ðnþ2ÞMonO6ðnþ1Þ are the compounds Bi2O3 and Bi2MoO6

(with n ¼ 0 and 1). Any of them can be considered as the

reference structure for the construction of the superspace

model of this family. As will be shown in x7, the most conve-

nient option is to describe the studied phases as different

distortions of the compound Bi2MoO6. However, the super-

space model could also be based on the fluorite-type structure

of the phase �-Bi2O3, and, for the sake of completeness, the

construction of this alternative model has been explained in

the supplementary material.

The end-member Bi2MoO6 (n ¼ 1) is reported to have a

space group Pca21 (van den Elzen & Rieck, 1973) with a

structure close to the ideal Aurivillius structure. The Auri-

villius family are layered bismuth oxides whose structure is

described as the regular stacking of [M2O2] slabs (usually M =

Bi) and [An�1BnO3nþ1] perovskite blocks. In fact, Aurivillius

phases have been described within the superspace formalism

as cation-deficient perovskites of the formula AB1��O3 within

the range 0 < � < 1
2 (Boullay et al., 2002a,b). In this model the

average unit-cell parameters (approximately 5.6, 5.6 and 8 Å)

are related to the parameter ap of the perovskite unit cell

(
ffiffiffi
2
p

ap,
ffiffiffi
2
p

ap and 2ap) and the modulation vector is q ¼ � c�A.

According to this description, Bi2MoO6 can be characterized

as a modulated structure with � ¼ 1
2. Indeed, the reported

structure of Bi2MoO6 is very close to the ideal Aurivillius

structure obtained through this superspace model. The

superspace group of this model is X2cmð00�Þ000 with centring

vectors ð12
1
2

1
2 0Þ, ð12 00 1

2Þ and ð0 1
2

1
2

1
2Þ, and symmetry operations

ðx1x2x3x4Þ, ðx1 � x2 � x3 � x4Þ, ðx1 � x2
1
2þ x3x4Þ and

ðx1x2
1
2� x3 � x4Þ. The atomic domains of this model are given

in Table 3. Atomic domains of Bi, Mo and O1 present occu-

pational modulations given by crenel functions, while the

average position of the O2 atomic domain is fully occupied.

Appropriate modifications of this model allow the superspace

description of the system Bi2ðnþ2ÞMonO6ðnþ1Þ.

The distribution of Bi and Mo atomic domains in the

superspace cell is shown in Fig. 5(a). In the real structure,

atoms deviate from the ideal positions of the basic structure.

In fact, together with the mentioned occupational modula-
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Figure 4
Occupational modulation at the cationic position. Superspace embedding
gives rise to certain order along internal space (x4 coordinate) for the Mo
(blue) and Bi (green) atoms. Two different orderings are obtained with
modulation vectors (a) qV and (b) qo. The second one allows a simple
description with two complementary crenel functions (c).



tions, atomic domains of the cations also present displacive

modulations which can be modelled by sawtooth functions.

This type of function represents an occupational modulation,

as a crenel function, combined with a linear positional

modulation, which is defined by the displacive modulation at

the end of the atomic domain, given by the vector

u ¼ ðux; uy; uzÞ. In this case, in order to obtain the f.c.c. (face-

centered cubic) cation distribution assumed for these

compounds (Landa-Cánovas et al., 2009), sawtooth functions

for Bi and Mo atomic domains should be introduced with

slopes along x3 coordinates uz ¼
1
6 and uz ¼

1
12, as shown in

Fig. 5(b). With the inclusion of these positional modulations,

the resulting cationic atomic domains are aligned along the

superspace direction ½0 0 1 2�, giving rise to an ordering along

this direction which is equivalent to the occupational modu-

lation obtained for the Bi and Mo atomic domains with the

embedding of the three-dimensional cation distribution

(Fig. 4c). As shown in Fig. 5(b), a suitable transformation of

the superspace unit cell leads to a superspace model with the

same distribution of cation atomic domains. The indicated

transformation is given by the matrix

aF
s1

aF
s2

aF
s3

aF
s4

0
BB@

1
CCA ¼

1 0 0 0

0 1 0 0

0 0 1 1

0 0 � 1
2 �1

0
BB@

1
CCA

aA
s1

aA
s2

aA
s3

aA
s4

0
BB@

1
CCA; ð5Þ

where faA
si g and faF

sig are the basis vectors of the average unit

cells related to Aurivillius and fluorite structures.

According to the proposed transformation, the new reci-

procal unit cell of the average structure is given by

a�F ¼ a�A

b�F ¼ b�A

c�F ¼ 2c�A � qA ¼
3

2
c�A; ð6Þ

where the subscripts F and A refer to the unit cells associated

with the fluorite and Aurivillius structures. In fact, the reci-

procal unit cells of both average structures can be identified in

the diffraction pattern of the compound Bi2MoO6 (as shown in

Fig. 6). The set of main reflections related to the reciprocal

unit cell of the fluorite structure can be clearly recognized.

Since the unit-cell parameters of the starting superspace

model are approximately 5.6, 5.6 and 8 Å, this transformation

implies a new average structure with parameters 5.6, 5.6 and

5.3 Å, which agree with the unit cell employed in the

embedding of the cationic distribution. This transformation

also implies a new modulation vector

qF ¼ 2c�A � 2qA ¼ c�A ¼
2

3
c�F;

ð7Þ

which corresponds to the limit for

n ¼ 1 of the modulation vector

qo previously used [see equation

(4)].

Note that the new vector

aF
s4 ¼ �

1
2 aA

s3 � aA
s4 does not repre-

sent a symmetry translation in the

superspace group of the initial

model of Aurivillius phases, so the

proposed transformation is not

simply a change of setting of the

superspace unit cell. Assuming

aF
s4 ¼ �

1
2 aA

s3 � aA
s4 implies the

inclusion of this translation in the

superspace group of the new

model. As a result, the distribution

of the cationic atomic domains is

the same as that obtained with the

embedding of the Bi and Mo

distribution, as was intended.

The oxygen atomic domains

have also been transformed with
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Table 3
Distribution of the atomic domains for the description of the compound
Bi2MoO6 as a modulated structure of the system AB1 � �O3 with � = 1

2.

The average position of the O2 atom is fully occupied and the rest are
represented by crenel functions. The superspace group of this model is
X2cmð00�Þ000 with average unit-cell parameters aA ’ 5:6, bA ’ 5:6 and
cA ’ 8 Å. The modulation vector is qA ¼

1
2 c�A.

Atom Average position x0
4 �

Bi (0 0 1
4)

1
2

1
2

Mo (0 0 0) 0 1
2

O1 (0 0 1
4) 0 1

2

O2 (1
4

1
4 0) – –

Figure 5
Distribution of the Bi (blue) and Mo (green) atomic domains in the initial model of the Aurivillius
structure (a) and with the indicated sawtooth functions (b). These positional modulations give rise to the
f.c.c. cationic distribution. The obtained Bi and Mo atomic domain distribution along the ½0 0 1 2� direction
is equal to the occupational modulation of the cations obtained through embedding (Fig. 4c). The new
superspace unit cell is indicated by a dashed line.



this change of superspace unit cell, as shown in Fig. 7(a).

However, these atomic domains might be described in a more

suitable way, considering the neighbour cations to obtain O

atomic domains associated with either Bi or Mo environments.

On one hand, the O1 atom can be divided into two domains

and, since they are equivalent by symmetry, it is only necessary

to consider a new atom at the average position ð00 3
8Þ with a

crenel function of width � ¼ �(Mo) and centre coordinate x0
4

given by the equation

x0
4 ¼ t0 þ q � r0; ð8Þ

where t0 is the value of the t parameter for the centre of the

atomic domain and r0 is the average position. This atomic

domain is the O1 atom of the new model and is related to the

Mo coordination environments. Note that equation (7)

restricts refinable parameters x0
4 and r0. The parameter t0 is

determined by the relative positions of this atomic domain

with respect to the Mo atom (see Fig. 7b). Since the upper

limits of these two atomic domains are given by the same t

section and the widths of their crenel functions are equal, it

can be concluded that t0ðO1Þ ¼ t0ðMoÞ. On the other hand, the

transformed O2 atom is located at the average position ð14
1
4

1
4Þ

and its internal space is parallel to the superspace direction

½0 0 1 2�, as shown in Fig. 7(a). Within the superspace form-

alism, this atom could be included in a different subsystem as

in a commensurate composite crystal. Instead of that, it is

more convenient to divide this O2 atom as indicated in

Fig. 7(a), splitting it into two atomic domains, O2 and O3. The

new O2 atomic domain becomes represented by a crenel

function of width � ¼ �(Mo) located at ð14
1
4 0Þ and coordinate

x0
4 of its centre also given by equation (7). This atomic domain

is also associated with Mo environments. The other segment

forms the O3 atomic domain, located at the position ð14
1
4

1
4Þ and

represented by a crenel function with centre x0
4 ¼

1
2 and width

� ¼ 1� �
2 ��(Mo), where � is the third component of the

modulation vector. This O3 atom is related to the Bi coordi-

nation environments. Note that the t0 parameter for the O2

atom can be determined considering t0ðO3Þ [which can be

obtained from the application of equation (7)] and the widths

of the crenel functions of O2 and O3 atoms. Thus, from

Fig. 7(b) the parameter t0ðO2Þ is given by the expression

t0ðO2Þ ¼ t0ðO3Þ �
�ðO2Þ þ�ðO3Þ

2
: ð9Þ

Note also that the calculation of the widths of the different

atomic domains as functions of the width of the Mo atom

allows the generalization of the model for any composition. As

a consequence of the applied transformation to the superspace

unit cell, the atomic domains obtained from the division of the

O atoms in Fig. 7(a) present a linear positional modulation

which can be described by the corresponding sawtooth func-

tions. However, this displacive modulation can be neglected

because only the average positions of the different atomic

domains are interesting at this point. Therefore, the final

atoms are represented by the corresponding crenel functions,

obtaining the distribution indicated in Fig. 7(b).

A final step is required and consists of reducing the

symmetry of the structure [given by the superspace group

X2cmð00�Þ000] maintaining only the twofold axis to obtain

the corresponding monoclinic superspace group F2ð�0�Þ. In

addition, a change of setting is required to work with the

monoclinic axis along the b direction (anew ¼ �bold,

bnew ¼ aold, cnew ¼ cold).

The model obtained in this process corresponds to the

n ¼ 1 compound (Aurivillius) using the basic cell of the

fluorite structure and the modulation vector qF ¼
2
3 c�F. An

extrapolation of this model to the subject compounds is

straightforward using the oblique modulation vector qo of

equation (4). Note that for n ¼ 1 this vector reduces to the

research papers

Acta Cryst. (2012). B68, 323–340 P. J. Bereciartua et al. � Structure refinement and superspace description 329

Figure 6
Weighted reciprocal space ð0 k lÞ section of the diffraction pattern of the
compound Bi2MoO6. This section is related to the ðh 0 lÞ section of Fig. 1.
Three different reciprocal unit cells can be observed, corresponding to
the three-dimensional description (striped rectangle), the average
structure of the superspace model for the Aurivillius family (dashed
line) and the average unit cell based on fluorite structure (shaded
rectangle). The modulation vector qA is also indicated.

Table 4
Atomic domains for the superspace model based on the Aurivillius-type
structure of the compound Bi2MoO6.

According to the explained derivation, the superspace group of this model is
F2ð�0�Þ, with the average unit cell defined by vectors faF; bF; cFg and
modulation vector given by equation (4).

Atom Average position t0 x0
4 �

Bi (0 0 0) 1
2

1
2

2ðnþ2Þ
3nþ4

Mo (0 0 0) 0 0 n
3nþ4

O1 (0 0 3
8) 0 equation (7) n

3nþ4

O2 (1
4

1
4 0) 1

2ð3nþ4Þ equation (7) n
3nþ4

O3 (1
4

1
4

1
4)

nþ2
3nþ4

1
2

nþ3
3nþ4

O4 (1
4

3
4

1
4)

nþ2
3nþ4

1
2

nþ3
3nþ4



value given above. Taking into account the formula of the

system, Bi2ðnþ2ÞMonO6ðnþ1Þ, the widths of the crenel functions

for the Bi and Mo atoms can be given by 2ðnþ2Þ
3nþ4 and n

3nþ4. Finally,

the corresponding widths and t0 parameters for O atomic

domains can be derived as explained above. A description of

the resulting model is presented in Table 4.

Since the studied compounds are commensurate, it is

necessary to fix the value of the t parameter to determine the

section of the superspace model which corresponds to the

three-dimensional structure. The value t ¼ 0 or its equivalents

allow the recovery of a three-dimensional atomic distribution

with a Mo atom located at a twofold axis. However, this t value

leads to some problematic sections because some relevant

points within the O2 and O3 or O2 and O4 atomic domains

coincide with the ends of their crenel functions, connecting a

single atom of the three-dimensional structure with two

different atomic domains in the superspace model. This

problem also appears in the application of this model to the

n ¼ 5 member. In both cases, these situations can be

surmounted by slight modifications of the limits of the

corresponding atomic domains, such that the global compo-

sition of the superspace model does not change.

Considering this superspace model, embedding of the

refined three-dimensional structure of the n ¼ 3 member has

been carried out. In this case, when the ends of the O2 and O3

atoms coincide with a t-section, the O3 atomic domain has

been decreased by a small quantity (�) with the corresponding

increase of the O2 atomic domain. In the same way as for O2

and O4 atoms the O4 atomic domain is slightly increased, and

the O2 atomic domain is decreased. As a result of these

modifications, the width of the crenel functions representing

the O2 atom does not change, while the widths of the crenel

functions for O3 and O4 atomic domains are 6
13� 2� and

6
13þ 2�. The resulting atomic domains are indicated in Table 5.

In the above paragraphs the atomic domains have been

established, but the real structure also includes positional

modulation uðx4Þ for the atomic domains, which can be

calculated from the embedding of the three-dimensional

structure. Since the atoms are only defined within a limited

region of the internal space their displacive modulations are

expressed as a finite sum of some special functions

uðx4Þ ¼
X

n

AnSnðx4Þ; ð10Þ

where the special functions Snðx4Þ are orthogonalized

harmonic functions for the Bi atom and Legendre polynomials

for the rest of atoms. The parameters An of the modulation

functions are determined by

fitting the coordinates obtained

in the embedding process to the

corresponding functions. These

parameters were checked

through the refinement of the

superspace model with the Riet-

veld method combining XPD

and NPD data. Agreement

between the observed and

calculated patterns is almost the

same as that achieved with the

three-dimensional model (Fig. S1

of the supplementary material).

Final reliability factors are

presented in Table 2. Structural

details as coordinates of the

average structure, displacive

modulation functions and

displacement parameters are

summarized in the deposited CIF

file.

The resulting positional

modulations of the different

atomic domains are very wavy,

especially for the O1 and O2

atoms. As an example, the posi-

research papers

330 P. J. Bereciartua et al. � Structure refinement and superspace description Acta Cryst. (2012). B68, 323–340

Figure 7
New description for the O1 (red) and O2 (yellow) atomic domains after the change of superspace unit cell
(a). The t-sections associated with the ends of the cationic atomic domains are indicated (dashed lines).
Oxygen atomic domains are divided considering these t-sections (b). Divided atomic domains without the
linear positional modulation are shown: O1 (red), O2 (grey) and O3 (yellow). The O2 atomic domains are
represented slightly oblique to avoid overlapping Mo atoms.

Table 5
Superspace model based on the Aurivillius structure for the member
n ¼ 3.

The superspace group is F2ð�0�Þ and the average unit cell is defined by
vectors faF; bF; cFg. The modulation vector is qo ¼

1
13 ð�2a�F þ 8c�FÞ.

Atom Average position t0 x0
4 �

Bi (0 0 0) 1
2

1
2

10
13

Mo (0 0 0) 0 0 3
13

O1 (0 0 3
8) 0 Equation (8) 3

13

O2 (1
4

1
4 0) 1

26 Equation (8) 3
13

O3 (1
4

1
4

1
4)

5
13

1
2

6
13� 2�

O4 (1
4

3
4

1
4)

5
13

1
2

6
13þ 2�



tional modulation along the z axis for the O atoms is repre-

sented in Fig. 8. In this case, the stronger distortions are

exhibited by the O atomic domains associated with the

environments of the Mo atoms, i.e. O1 and O2 atoms.

However, O3 and O4 atoms, neighbours of Bi atomic domains,

represent atoms which are not so scattered from their average

position, which is 1
4.

4. Member with n = 5

4.1. Refinement of the superspace model

The superspace model constructed above has been applied

to build up the initial superspace model for the member n ¼ 5

by substituting the composition-dependent parameter n in

Table 4. The superspace group is F2ð�0�Þ, as for the n ¼ 3

member, and the modulation vector is qo ¼
1

19 ð�2a�F þ 12c�FÞ,

which is also derived from the general expression [equation

(4)].

As in the case of the member with n ¼ 3, fixing the value of

the t parameter to t ¼ 0 allows the recovery of the corre-

sponding three-dimensional structure by establishing the

relevant points of the atomic domains along the internal space.

This three-dimensional model exhibits the expected cation

distribution and a fairly accurate description of the O atoms

associated with Bi cations. Only O atoms forming the envir-

onments of the Mo cations deviate from the expected struc-

ture, because Mo atoms should present tetrahedral

coordination, whereas the developed superspace basic model

leads to octahedral coordination instead. The transformation

of this environment is achieved via the displacive modulation

functions which distort the O1 and O2 atomic domains to

reproduce the desired tetrahedral coordinations. As in the

case of the member with n ¼ 3, the displacive modulations of

the different atoms are described as a truncated sum of special

functions [equation (9)], employing orthogonalized harmonic

functions for the Bi atom and Legendre polynomials for the

other atomic domains.

Within the superspace approach, the refinement of a

modulated structure is usually a two-step process. Firstly, the

average structure is refined using only the main reflections,

and then the appropriate distortions are included into the

model, refining the corresponding parameters. However, this

approach is not adequate in this case, because the refined

average structure is not a suitable intermediate structure since

the coordination environments obtained for Mo atoms are far

from tetrahedral. As an alternative, the parameters of the

initial model are refined following certain order, established

by the contribution of the different types of atoms to the XPD

and NPD patterns. That is, first the parameters of the Bi atom,

then the parameter of the Mo atom and finally the parameters

of O atoms are refined. This refinement process leads to

reasonable agreement with experimental data, obtaining a

plausible model for the cations and O atoms associated with Bi

atoms. However, the Mo cations exhibit unrealistic coordi-

nation environments and the inclusion of a restriction for the

Mo—O distances does not improve this situation.

4.2. Refinement of the three-dimensional structure

To overcome the difficulties which arise in the refinement of

the superspace model, a three-dimensional approach was used

with special attention to the O atoms which form the envir-

onments of the Mo cations. The initial structure was

constructed from the above described superspace model,

considering only the cations and O atoms surrounded by Bi

atoms. Ideal {MoO4} tetrahedra are introduced in the struc-

ture, trying to avoid too short O—O distances. This initial

model is not complete since there are four missing O atoms,

symmetrically equivalent, that will be included in a later stage

of the refinement process at some of the positions indicated in

Fig. 9. In the first stage, only x and z coordinates of the atoms

are refined and in order to avoid some unreasonable Mo—O

and O—O distances, some restrictions were introduced with

values d(Mo—O) = 1.78 � 0.01 Å and d(O—O) =

2.30 � 0.01 Å. Distance restraints with larger sigma values do

not produce any effect in the refinement process. Afterwards,

a difference Fourier map was calculated, obtaining a peak

which can be associated with the remaining O atom. Once the

model has been completed, all atomic coordinates are refined,

together with the isotropic temperature parameters, which

have been grouped considering the different types of atoms

and the similar positions that they occupy. The final agreement

between observed and calculated patterns for both X-ray and

neutron data sets is shown in Fig. S2 of the supplementary

material and reliability factors are in Table 6. The final three-

dimensional structure is represented in Fig. 10. Details of the

refined structure (atomic coordinates, temperature factors,

distances etc.) are summarized in the deposited CIF file.
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Figure 8
Positional modulation along the z coordinate for O1, O2, O3 and O4
atomic domains. Two additional atomic domains, symmetrically equiva-
lent to O1 and O2 atoms, are also included. Continuous lines represent
displacive modulations of atomic domains and the positions of atoms
from a three-dimensional structure are indicated by discrete points. There
are two overlapping points at different values of the t parameter (t ¼ 0, 5

13,
10
13 and 1).



4.3. Embedding of the three-dimensional structure

Once the three-dimensional structure of the n ¼ 5 member

has been refined, it is possible to carry out the embedding of

the atomic distribution in order to calculate the parameters of

the displacive modulations which could not be properly

refined with the superspace model. Using the atomic domains

derived from Table 4, each atom of the three-dimensional

structure is associated with an average position. The atoms

which correspond to the Bi, Mo, O3 and O4 atomic domains

can be easily established. However, the remaining O atoms,

which form the {MoO4} tetrahedra, cannot be clearly asso-

ciated with any average position since the corresponding

displacements are very large. There are several possible ways

of establishing O1 and O2 atomic domains and this distribu-

tion is carried out trying to minimize the positional modula-

tions.

After establishing the different atomic domains of the

superspace model, parameters for their positional modula-

tions uðx4Þ are calculated from the embedding. These para-

meters were checked by means of the refinement of the

superspace structure through the Rietveld method, combining

XPD and NPD data. The starting parameters hardly changed.

Agreement between observed and calculated patterns is

nearly the same as that obtained with the three-dimensional

model (Fig. S2 of the supplementary material), with reliability

factors presented in Table 6. Further details about the super-

space model are enumerated in the deposited CIF file.

As in the case of the n ¼ 3 member (Fig. 8), the positional

modulation of the different atomic domains are very irregular,

far from a simple linear or harmonic shape. As an example, the

positional modulation along the z coordinate is represented

for O atomic domains in Fig. 11. It can be observed that the

strongest distortions are exhibited by the O atomic domains

which define the tetrahedral O coordinations of the Mo atoms

(O1 and O2). The atoms represented by O3 and O4 atomic

domains, associated with Bi atoms, are not so spread out from

their average positions with z ¼ 1
4. The large and irregular

modulation functions of the O1 and O2 atomic domains

explain why the refinement of the superspace model in the

previous section is not successful, since O atoms which form

the {MoO4} tetrahedra are located too far from their actual

positions in the starting model.

5. Member with n = 4

5.1. Determination of the three-dimensional unit cell

The three-dimensional unit cell of this compound has been

ambiguously determined, since two different values have been

assigned to the lattice parameter a. In the first characterization

of this compound Vila et al. (2004) proposed a value a =

29.0674 (5) Å, based on XPD data measured under high-

resolution conditions in a diffractometer with a conventional

X-ray source. On the other hand, a different parameter a0 was

suggested by Landa-Cánovas et al. (2009) with half the value

of the previous one (a0 ¼ a
2). This new value is supported by a

comparison of experimental and simulated HRTEM images,

where the simulated images are obtained taking into account

only cations. In fact, as shown by Fig. 12, the ideal f.c.c. cationic

distribution assumed for this compound seems to indicate that

the initially proposed unit cell can be described as twice the

new one given by the vectors {a0; b; c}.

This new parameter a0 is also apparently supported by the

superspace model of the odd members when it is applied to

n ¼ 4. Using the modulation vector qo ¼
1

16 ð�2a�F þ 10c�FÞ as

derived from equation (4) for n ¼ 4, it is easily shown that the

vector a0 ¼ a
2 is a lattice vector of the three-dimensional

commensurate superstructure. Or, in other words, the super-

space model constructed above implies that the vectors
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Figure 10
Projection along the b axis of the refined three-dimensional structure of
the member with n ¼ 5. Bi and Mo atoms are located at y ’ 0 (small
spheres) and y ’ 1

2 (large spheres).

Figure 9
Projection along the b axis of the initial three-dimensional structure of
the member with n ¼ 5. Bi and Mo atoms are located at y ¼ 0 (small
spheres) and y ¼ 1

2 (large spheres). Missing O atoms can be located within
the indicated regions (red ellipses).

Table 6
Background-corrected reliability factors obtained with the different
models for XPD and NPD patterns of the n ¼ 5 member.

Three-dimensional model Superspace model

XPD NPD XPD NPD

Rp 0.1781 0.1430 0.1780 0.1427
Rwp 0.2138 0.1385 0.2137 0.1385
S 1.66 2.07 1.66 2.07
RB(all) 0.0459 0.0678 0.0461 0.0673
RF(all) 0.0298 0.0485 0.0300 0.0483
No. of parameters 103 99 105 101



fa0; b; cg define a proper unit cell for the compound with

n ¼ 4.

However, in the XPD pattern obtained for the member

n ¼ 4 some reflections appear, indicated in Fig. 13, which

cannot be indexed with this new unit cell. These reflections

require the unit cell proposed by Vila et al. (2004) to be

correctly indexed. Therefore, the unit cell given by the vectors

fa; b; cg is the right one for the compound with n ¼ 4, forcing

the modification of the superspace model to obtain a valid unit

cell for the three-dimensional structure recovered through a t-

section.

5.2. Modification of the superspace model

Once the three-dimensional unit cell for the member n ¼ 4

has been established it is possible to reinterpret the diffraction

pattern to determine the average unit cell and the modulation

vector. A schematic representation of the ðh 0 lÞ section of the

diffraction pattern for the member n ¼ 4 is shown in Fig. 14.

According to the characterization carried out by Vila et al.

(2004), this diffraction pattern presents the reflection condi-

tion h 0 l : h ¼ 2n. Assuming this systematic extinction,

neither qo nor qV (see Fig. 14) could be employed for correct

indexing. Both modulation vectors allow the represented

section ðh 0 lÞ to be indexed, but some Bragg peaks remain

unindexed in other layers. In fact, the same set of reflections

which cannot be indexed employing the vector a0 ¼ a
2 (Fig. 13)

indicate that qo and qV are not suitable options for the

superspace indexing. This problem is solved by choosing the

modulation vector qe ¼
1

16 ða
�
F þ 11c�FÞ, which allows the whole

diffraction pattern to be indexed. This new modulation vector

points to an extinction, as shown in Fig. 14. Note that with this

modulation vector qe the superspace model gives rise to the

unit cell defined by the vectors fa; b; cg and the vector a0 ¼ a=2

is not a lattice vector.

The choice of modulation vector qe implies the reflection

condition h 0 l m : m ¼ 2n, where n is an integer. This

reflection condition points out two possible superspace

groups: F2=mð�0�Þ0s or Fmð�0�Þs, selecting the centrosym-

metric group as the first option. This group is equivalent to the

standard group B2=mð��0Þ0s (No. 12.2 in Janssen et al., 2004).

From the schematic representation of the electron diffrac-

tion (ED) pattern (Fig. 14), it is possible to obtain an

expression for the new modulation vector in terms of the

reciprocal vectors associated with the odd members super-

space model

qe ¼ c�F �
1

2
qo: ð11Þ

Keeping the same unit cell for the average structure, the

choice of this new modulation wavevector qe implies a new

superspace unit cell. As explained by Elcoro et al. (2003), the

new vectors fa0sig are given by the transformation
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Figure 11
Positional modulation along the z coordinate for O1, O2, O3 and O4
atomic domains. Two additional atomic domains, symmetrically equiva-
lent to O1 and O2 atoms, are also included. Continuous lines represent
the positional modulation of atomic domains and positions of atoms from
the three-dimensional structure are indicated by discrete points. There
are two overlapping points at t ¼ 7

19.

Figure 12
Projection along the b axis of the ideal three-dimensional cation
distribution of the member with n ¼ 4. Bi and Mo atoms are located at
y ¼ 0 (small spheres) and y ¼ 1

2 (large spheres). The first unit cell
proposed (continuous line), defined by vectors {a; b; c}, can be described
as a duplication of the unit cell defined by vectors {a0; b; c} (dashed line).

Figure 13
Detail of the XPD pattern of the n ¼ 4 member. The indicated Bragg
peaks are indexed with the vectors {a; b; c}. Note that these reflections
cannot be indexed using the vector a0 ¼ a=2.



a0s1

a0s2

a0s3

a0s4

0
BB@

1
CCA ¼

1 0 0 0

0 1 0 0

0 0 1 2

0 0 0 �2

0
BB@

1
CCA

as1

as2

as3

as4

0
BB@

1
CCA; ð12Þ

where the vectors fasig correspond to the superspace unit cell

of the odd members.

Note that with this change of unit cell, the superspace group

F2ð�0�Þ is transformed into the group X2ð�0�Þ, where X

means non-standard centring vectors (1
2

1
200), (1

20
1
20), (01

2
1
20),

(0001
2), (1

2
1
20

1
2), (1

20
1
2

1
2) and (01

2
1
2

1
2). X2ð�0�Þ and F2=mð�0�Þ0s are

not group–subgroup related, but the former can be trans-

formed into the latter by replacing the (0001
2) centring with a

glide plane s given by ðx1;�x2; x3;
1
2þ x4Þ.

As the three-dimensional structure is a commensurate

superstructure of the basic unit cell, the corresponding t value

is required. The different possibilities compatible with the

superspace group F2=mð�0�Þ0s and the modulation vector qe

are enumerated in Table 7, where k is an arbitrary integer and

a ‘general’ value of the t parameter refers to any value

different from the others. Note that different choices of the t

parameter can lead to different space groups for the resulting

three-dimensional structure. The options t ¼ 1
64 and t ¼ 3

64 (and

any of their equivalent values) lead to the centrosymmetric

space group P21=a, as proposed by Galy et al. (2009). In fact,

these two options are related through an origin shift (1
2

1
200).

Therefore, these two values are equivalent and t ¼ 1
64 is

chosen. As in the superspace model for the odd members, this

value of the t parameter means that some of the relevant

points in the O2 and O3 atomic domains lie on the ends of

their crenel functions (the value t ¼ 3
64 also leads to the same

situation). This problem also apears in the application of this

superspace model to the member n ¼ 6. As explained above,

this difficulty can be prevented by increasing slightly one of

the atomic domains and decreasing the other one, without

changing the global composition of the superspace model.

Using the general expressions from Table 4, the superspace

model of the odd members applied for n ¼ 4 can be derived,

giving rise to the parameters shown in Table 8.

In this model the coordinate x0
4 of the centre of the crenel

functions for the O1 and O2 atomic domains are given by

equation (7). Using the transformation of equation (11) and

changing the symmetry from the superspace group X2ð�0�Þ to
the F2=mð�0�Þ0s group imply that the positions of the O3 and

O4 atomic domains are merged into a unique one and the

general position of O2 is split into two special positions at

inversion centres ((1
4,

1
4, 0) and (1

4,
3
4, 0)). The O atomic domains

located at these special positions combined with the chosen

parameter t ¼ 1
64 would give rise to O atoms placed at inver-

sion centres in the three-dimensional structure. Each of these

O atoms would be shared by two Mo cations which are

symmetrically equivalent through the mentioned inversion

centre. However, the expected environments for Mo cations

are isolated tetrahedra without any shared O atoms. So these

inversion centres cannot be occupied by any O atom and,

therefore, O atomic domains cannot be located at these special

positions in the superspace model. To obtain atomic domains

more suitable for the expected Mo coordination, the two O

atomic domains at special positions are replaced by one

atomic domain at a general position, equidistant from both.

The final superspace model is presented in Table 9. Note that

after the transformation of equation (11) the widths of the

crenel functions present half the previous value (Table 8).

From Table 8, the coordinates x0
4 of the centres of the O atomic
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Table 7
Possible values for the t parameter within the superspace model for the
member n ¼ 4.

The three-dimensional space groups corresponding to each t-section are
indicated.

t value 0þ k
16

1
64þ

k
16

1
32þ

k
16

3
64þ

k
16 General

Space group P2=a P21=a P2=a P21=a Pa

Table 8
Atomic distribution for the member n ¼ 4 according to the model for odd
members.

This description is associated with the superspace group F2ð�0�Þ. The unit cell
of the average structure is given by vectors faF ; bF ; cFg. The modulation vector
of this model is qo ¼

1
8 ð�a�F þ 5c�FÞ.

Atom Average position t0 x0
4 �

Bi (0 0 0) 1
2

1
2

3
4

Mo (0 0 0) 0 0 1
4

O1 (0 0 3
8) 0 Equation (8) 1

4

O2 (1
4

1
4 0) 1

32 Equation (8) 1
4

O3 (1
4

1
4

1
4)

3
8

1
2

7
16

O4 (1
4

3
4

1
4)

3
8

1
2

7
16

Figure 14
Schematic ðh 0 lÞ section of the diffraction pattern of the member with
n ¼ 4. It corresponds to the ðh 0 l mÞ section within the superspace
approach. Main reflections (m ¼ 0) are related to the reciprocal unit cell
of the fluorite structure. The modulation vectors qV and qo allow this
section to be indexed, but not the whole pattern. The indexing of the
whole pattern is possible with the new modulation vector qe and involves
a reflection condition h 0 l m : m ¼ 2n.



domains can be determined with equation (7). The transfor-

mation given by equation (11) is applied to the superspace

coordinates ðr0; x0
4Þ. These new coordinates are combined

using equation (7) to obtain the t0 values of Table 9.

The superspace model constructed above presents an

ambiguity which deserves to be discussed. As presented in

Table 9, Bi and Mo atomic domains are located in different

special positions, implying certain restrictions. According to

the superspace group of the proposed model, the Bi atomic

domain is located at the special position (0 0 0 1
4) with twofold

symmetry, while the Mo atomic domain is located at the

special position (0 0 0 0) with inversion centre symmetry. They

are different symmetries and, therefore, imply different

restrictions on each atomic domain. However, there is no

reason to discard a different configuration for the superspace

model, with Bi and Mo atomic domains located at x0
4 ¼ 0 and

1
4. This would correspond to an origin shift of the superspace

group by the translation ð000 1
4Þ along internal space. Both

configurations are acceptable and the only way to distinguish

between them is to refine the structure of the compound.

Considering the value of the t parameter, a three-dimen-

sional structure can be derived from the distribution of the

atomic domains of Table 9. This three-dimensional model

reproduces the expected distribution of the cations and

approximate positions for the O atoms related to Bi cations.

However, in this ideal model the O atoms which form the

environments of the Mo cations are distributed in a different

way than the expected one. These O atoms form square-planar

coordination around Mo atoms, whereas the expected envir-

onments for these atoms are tetrahedral. In fact, as in the case

of the model of the odd members, the O atoms which form the

{MoO4} tetrahedra are located too far from their actual

positions within the starting model. This is the reason why, to

distinguish between the two possible configurations discussed

above, it is more convenient to refine the structure of the

n ¼ 4 member through a three-dimensional approach, paying

special attention to these O atoms.

5.3. Refinement of the three-dimensional structure

The procedure above leads to two configurations of the

superspace model, depending on the position of the inversion

centre relative to the atomic domain distribution. Each of

these configurations corresponds to a different three-dimen-

sional structure, because the cations are located at different

positions with respect to the symmetry operations, although

the ideal cation distribution is the same for both models. The

two three-dimensional configurations are represented in

Figs. 15(a) and (b). Note that in both cases the inversion centre

of the space group P21=a is located at the position ð0 0 0Þ and

the 21 screw axis at ð14 y 0Þ. Note also that, although Bi and Mo

atomic domains are located at a twofold axis or an inversion

centre within the superspace model, none of the Bi or Mo

atoms are placed at special positions within the three-dimen-

sional models. In fact, all the relevant points of the atomic

domains, determined by the t parameter, are located at general

positions.

The actual structure of the member n ¼ 4 has been estab-

lished through the refinement of these two possible three-

dimensional models. The initial structures were derived from

the superspace model presented in Table 9, including only

cations and O atoms surrounded by Bi atoms. Ideal {MoO4}

tetrahedra are introduced in the models avoiding too short

O—O distances. This condition leads to different orientations

of the tetrahedra for each model, as can be observed in

Figs. 15(a) and (b) [models (I) and (II) respectively]. Each

initial model lacks four symmetrically equivalent O atoms that

were introduced during the refinement process at some of the

indicated positions. The processes followed for the refinement

of both models were similar to that described in the case of the
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Table 9
Superspace model for the member n = 4.

This model is obtained through the modification of the superspace model for
odd members. The superspace group is F2=mð�0�Þ0s with the average unit cell
defined by vectors faF; bF; cFg. The modulation vector is qe ¼

1
16 ða

�
F þ 11c�FÞ.

Atom Average position x0
4 t0 �

Bi (0 0 0) 1
4

1
4

3
8

Mo (0 0 0) 0 0 1
8

O1 (0 0 3
8) 0 Equation (8) 1

8

O2 (1
4

1
2 0) � 1

64 Equation (8) 1
8

O3 (1
4

1
4

1
4) � 3

16 Equation (8) 7
32

Figure 15
Projection along the b axis of the initial three-dimensional structures
considered for the member with n ¼ 4. Models (I) and (II) correspond to
(a) and (b) respectively. Bi and Mo atoms are located at y ¼ 1

4 (small
spheres) and y ¼ 3

4 (large spheres). Missing O atoms can be located within
the indicated regions (red ellipses).



member with n ¼ 5. Cations of the same type share the same

displacement parameter, while O atoms are grouped

depending on the different coordination environments to

which they belong. The reliability factors obtained for both

models are presented in Table 10 and point to model (I) as the

correct one. Agreement between observed and calculated

patterns (both X-ray and neutron data sets) is shown in Fig. S3

of the supplementary material, and the refined atomic distri-

bution is represented in Fig. 16. Further details of the final

three-dimensional structure, like atomic coordinates and

isotropic temperature factors, are summarized in the depos-

ited CIF file.

5.4. Embedding of the three-dimensional structure

After the refinement of the three-dimensional structure, the

parameters of the displacive modulations uðx4Þ of the member

n ¼ 4 can be found through the embedding of the three-

dimensional atomic distribution with a process similar to that

developed for compounds with n ¼ 3 and 5. From the

displacements associated with each atom, it can be deduced

that Bi and Mo atomic domains are located at a twofold axis

and an inversion centre, respectively, thus resolving the

ambiguity which arises in the construction of the superspace

model. The configuration indicated in Table 9 is the correct

one. As in the case of members n ¼ 3 and 5, the atoms of the

model are only defined within a limited

region of internal space. Therefore,

their positional modulations uðx4Þ are

expressed as a finite sum of some special

functions [see equation (9)]. The special

functions Snðx4Þ used are orthogona-

lized harmonic functions for the Bi atom

and Legendre polynomials for the

others. The superspace model thus

obtained was checked through the

Rietveld method combining XPD and

NPD data. Agreement between

observed and calculated patterns is

similar to that obtained with the three-dimensional model

(Fig. S3 in the supplementary material) and reliability factors

are presented in Table 10. More details on the superspace

model are given in the CIF file.

As for members n ¼ 3 and 5, the O atoms of the superspace

model also exhibit strong displacive modulations. As an

example, positional modulation along the z axis for O atomic

domains is shown in Fig. 17. The atomic domains associated

with the Mo coordination, i.e. O1 and O2 atoms, present the

largest distortions. In contrast, the O3 atomic domain repre-

sents atoms which are not so scattered from their average

position (	 1
4)

6. Member with n = 6

The superspace model constructed for the compound with

n ¼ 4 can be easily generalized to any even member of the

family. To this aim, the general expressions for widths of

atomic domains and modulation vectors have been deter-

mined, keeping the same superspace group F2=mð�0�Þ0s. The
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Table 10
Background corrected reliability factors obtained with the different models for XPD and NPD
patterns of the n = 4 member.

Three-dimensional model (I) Three-dimensional model (II) Superspace model

XPD NPD XPD NPD XPD NPD

Rp 0.1433 0.1208 0.1575 0.1964 0.1431 0.1214
Rwp 0.1706 0.1174 0.1869 0.1875 0.1705 0.1182
S 1.33 1.65 1.46 2.61 1.33 1.66
RB(all) 0.0336 0.0461 0.0453 0.1146 0.0334 0.0473
RF(all) 0.0231 0.0371 0.0355 0.0863 0.0230 0.0379
No. of parameters 96 94 97 95 96 94

Figure 16
Projection along the b axis of the refined three-dimensional structure of
the member n ¼ 4 corresponding to the initial structure given by model
(I) (Fig. 15a). Bi and Mo atoms are located at y ’ 1

4 (small spheres) and
y ’ 3

4 (large spheres).

Figure 17
Positional modulation along the z coordinate for O1, O2 and O3 atoms.
Several symmetrically equivalent atomic domains have been included.
Coordinates of atoms from the three-dimensional structure are indicated
by discrete points. Continuous lines represent displacive modulations of
atomic domains. There are two overlapping points at different values of
the t parameter (t ¼ 1

64,
9

64,
17
64,

21
64,

25
64,

33
64,

41
64,

49
64,

53
64 and 57

64).



relationship between the superspace unit cells of odd and even

members [equation (11)] establishes that the widths of the

atomic domains for an even model are half of the corre-

sponding values for the odd members (see Table 4). Expres-

sions for general values of atomic domains are in Table 11. The

coordinates and t0 parameters were obtained as in the case of

the member with n ¼ 4. From equation (10) and the general

expression for the modulation vector qo [equation (4)], the

generalization of the modulation vector qe can be calculated,

leading to

qe ¼
1

3nþ 4
ða�F þ ð2nþ 3Þc�FÞ: ð13Þ

6.1. Refinement of the superspace model

An initial superspace structure for the n ¼ 6 member can be

obtained from the general model constructed above for even

members. The superspace model is based on the superspace

group F2=mð�0�Þ0s, with qe ¼
1

22 a�F þ
15
22 c�F and atomic

domains obtained from Table 11 with n ¼ 6.

Once the superspace group and modulation vector have

been established, the value of the t parameter is determined as

in the case of the member n ¼ 4. Table 12 resumes the

different space groups arising from the possible t values.

Among them, the value t ¼ 1
88 or equivalent ones is the most

suitable according to the same arguments explained for the

compound with n ¼ 4.

The three-dimensional structure obtained from the super-

space model of this compound and the refinement process of

this model present the same problems which have been

explained in the case of members n ¼ 5 and 4.

6.2. Refinement of the three-dimensional structure

In order to obtain the positions of the O atoms which

cannot be determined through the superspace approach, the

refinement of the three-dimensional structure was carried out

as previously explained for the remaining compounds of the

system. The initial three-dimensional structure is indicated in

Fig 18. To avoid unreasonable Mo—O distances, some

restrictions were introduced with values d(Mo—O) =

1.79 � 0.01 Å. Isotropic temperature parameters were refined

for all atoms, with a different parameter associated with each

type of atom. However, the displacement parameters of Mo

and O atoms became negative after the refinement process,

and they were fixed to the value Uiso = 0.02 Å2. The obtained

agreement between observed and calculated XPD and NPD is

shown in Fig. S4 of the supplementary material, with reliability

factors given in Table 13. The final three-dimensional structure

obtained for the member n ¼ 6 is represented in Fig. 19.

Further details on this structure are given in the deposited CIF

file.

6.3. Embedding of the three-dimensional structure

After obtaining the three-dimensional structure of the

n ¼ 6 member, the parameters of the displacive modulations

of the superspace model can be determined through the

embedding of the three-dimensional atomic distribution. The

procedure is similar to that described for the previous

compounds. Once the atomic domains of the superspace

model have been determined, the corresponding parameters

of their displacive modulations uðx4Þ can be calculated by

fitting the atomic displacements to the corresponding sum of

functions [equation (9)]. The resulting parameters were

checked by refining them through the Rietveld method using

XPD and NPD data. Agreement obtained between observed

and calculated patterns is similar to that obtained with the

three-dimensional model (Fig. S4 in the supplementary

material). The reliability factors are presented in Table 13. The

results are summarized in the deposited CIF file.

As in the remaining members of the family, the different

atomic domains exhibit very irregular positional modulations,

without simple linear or harmonic functions. As an example,

the displacive modulation of O atomic domains along z is

represented in Fig. 20.
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Table 11
Superspace model for even members.

The superspace group of this model is F2=mð�0�Þ0s, and the unit cell of the
average structure is determined by vectors faF; bF; cFg. The modulation vector
is given by equation (13).

Atom Average position t0 x0
4 �

Bi (0 0 0) 1
4

1
4

nþ2
3nþ4

Mo (0 0 0) 0 0 n
2ð3nþ4Þ

O1 (0 0 3
8) 0 Equation (8) n

2ð3nþ4Þ

O2 (1
4

1
2 0) � 1

4ð3nþ4Þ Equation (8) n
2ð3nþ4Þ

O3 (1
4

1
4

1
4) � nþ2

2ð3nþ4Þ Equation (8) nþ3
2ð3nþ4Þ

Figure 18
Projection along the b axis of the initial three-dimensional structure of
the member with n ¼ 6. Bi and Mo atoms are located at y ¼ 1

4 (small
spheres) and y ¼ 3

4 (large spheres). Missing O atoms can be located within
the indicated regions (red ellipses).

Table 12
Possible values for the t parameter within the superspace model for the
member n = 6.

The three-dimensional space groups corresponding to each t-section are
indicated.

t value 0þ k
22

1
88þ

k
22

1
44þ

k
22

3
88þ

k
22 General

Space group P2=a P21=a P2=a P21=a Pa



7. Discussion and conclusion

In the referenced examples of systems with flexible composi-

tion (Evain et al., 1998; Perez-Mato et al., 1999; Elcoro et al.,

2000, 2001), each family is described within the superspace

formalism by a unique model. A common average structure

combined with a composition-dependent modulation vector

represents the structure of each compound of the series. In the

case of the series Can(Nb,Ti)nO3nþ2 (Guevarra et al., 2007),

even the modulation functions of different members of the

system (n ¼ 5 and 6) are comparable. However, in the present

study of the family Bi2ðnþ2ÞMonO6ðnþ1Þ two superspace models

are required. The odd members of the family are described

with a superspace model and the even members with another

one. As explained above, each model exhibits its own super-

space group and its own general expressions for modulation

vectors and widths of the atomic crenel functions. Never-

theless, both models are not so different and present features

which are similar. The average structures are comparable and

the occupational modulation for cations in the even members

model can be considered as a duplication along internal space

of the corresponding occupational modulation in the odd

model.

In both cases, the superspace models make visible the

relation between the structure and the composition for the

different compounds of this family. On the one hand, the n

parameter determines the composition of each member of the

series. On the other, this parameter is also present in the

general expressions of modulation wavevectors, which deter-

mines the three-dimensional supercell of the corresponding

compound.

Moreover, the application of superspace formalism to this

family of compounds shows both the possibilities and limita-

tions of this approach. Thus, cations and O atoms associated

with Bi environments can be described quite well within

superspace formalism. In particular, the cationic distribution

of each compound is represented in a rather concise way,

through complementary crenel functions whose widths

depend on the composition parameter n. On the other hand, it

is not straightforward to describe the spatial distribution of the

O atoms forming {MoO4} tetrahedra through an average

position and the corresponding distortion. Actually, these O

atomic domains exhibit very large and irregular displacive

modulations. In fact, the ideal structure generated by the

superspace model considering only occupational modulation

gives rise to environments for Mo atoms which are far from

the actual ones for these cations, consisting of isolated tetra-

hedra. In this sense, the developed superspace models can be

considered an extreme case of the application of the super-

space formalism to describe a system of flexible composition

as a modulated structure with a composition-dependent

modulation wavevector.

Obviously, an important objection to the presented super-

space models could be that, without the inclusion of positional

modulations for some O atoms, these models do not lead to

isolated {MoO4} tetrahedra in the resulting three-dimensional

structure. An ideal superspace model should generate this

type of Mo environment directly. Clearly, this ideal model has
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Figure 19
Projection along the b axis of the refined three-dimensional structure of
the n ¼ 6 member. Bi and Mo atoms are located at y ’ 1

4 (small spheres)
and y ’ 3

4 (large spheres).

Figure 20
Positional modulation along the z coordinate for O1, O2 and O3 atomic
domains. Some symmetrically equivalent atomic domains are indicated.
Continuous lines represent the positional modulation of atomic domains
and positions of atoms from the three-dimensional structure are indicated
by discrete points. There are two overlapping points at t ¼ 27

88 and 31
88. The

interval from t ¼ 0:5 to t ¼ 1 is very similar to that presented in the figure
according to the glide plane ðx1;�x2; x3;

1
2þ x4Þ.

Table 13
Background-corrected reliability factors obtained with the different
models for XPD and NPD patterns of the n = 6 member.

The peaks of the XPD pattern present anisotropic strain broadening which has
been corrected through the tensor method. The formulation of this correction
is different for the three-dimensional and the superspace models. The
superspace formulation of this correction implies more parameters. This is the
origin of these different R values.

Three-dimensional model Superspace model

XPD NPD XPD NPD

Rp 0.1550 0.1492 0.1446 0.1449
Rwp 0.1970 0.1416 0.1848 0.1384
S 1.74 1.78 1.65 1.76
RB 0.0471 0.0597 0.0436 0.0575
RF 0.0361 0.0515 0.0318 0.0475
No. of parameters 127 112 137 112



not been achieved. In fact, neither the possibility nor the

impossibility of such a model can be assured. Instead, the Mo

environments obtained from the odd and even superspace

models (without displacive modulations) are corner-sharing

octahedra and square planar, respectively. This is a conse-

quence of the approach followed in the present work. The

superspace model for odd members has been constructed

taking as reference the Aurivillius structure of the compound

Bi2MoO6. The corner-sharing octahedra are a legacy of the

octahedral layers of this Aurivillius structure. Also the planar

square environments within the even members model are a

result of the modification of the odd members superspace

model.

Another doubtful question concerning the present work

could be the necessity of constructing two different superspace

models. Even two different modulation vectors (qo and qe) are

required. Thus, the modulation vector of the odd model (qo)

does not allow the diffraction pattern of even compounds to

be indexed. Also the modulation vector of the even model (qe)

does not lead to the correct three-dimensional space group

when used with the odd members. In fact, the construction of a

general model for both odd and even members of this family is

an open question whose resolution would require further

investigations.

One advantage of these superspace models is that they do

not present any restriction for the n parameter included in the

expressions of the general models. Although only members

with n ¼ 3, 4, 5 and 6 have been synthesized, the proposed

models could be applied to any value of the n parameter. That

is, the obtained models also provide an ideal structural model

for those compounds of the family which have not been

synthesized, even for compounds with a non-integer n para-

meter.

As explained above, the superspace models proposed for

the family Bi2ðnþ2ÞMonO6ðnþ1Þ are based on the Aurivillius-type

structure of the compound Bi2MoO6, which is one of the end

members of the system (with n ¼ 0). As shown in the

supplementary material, an alternative superspace model

could be constructed from the fluorite-like structure of the

compound �-Bi2O3 (the other end member of the system, with

n ¼ 0). In fact, they present the same description for the

cations of the structure and the distinction between these two

models consists of a different description of the O atoms. In

the case of the model based on the fluorite-type structure, two

atomic domains represent all O atoms and both include O

atoms associated with Bi and Mo cations. Thus, O atoms

related with very different coordination environments are

associated with the same average position. Meanwhile, the

model based on the Aurivillius structure describes the O

atoms of each compound by means of four different atomic

domains, which do not mix atoms related with environments of

Bi and Mo cations. In other words, the O atoms related to

different coordination environments are associated with

different average positions. Therefore, the model based on the

Aurivillius structure appears to be more suitable since this

model leads to two different coordination environments,

which is a feature exhibited by this family of compounds.

In conclusion, the superspace formalism has been applied to

the description of the Bi2ðnþ2ÞMonO6ðnþ1Þ system. Two models

have been proposed, each one corresponding to the members

with different parity of n. The model constructed for odd

members of this family cannot be applied to the even members

since it does not lead to a correct three-dimensional unit cell

for the even members. Therefore, the odd members model is

modified to obtain a superspace model for the even members

of the family. The corresponding superspace models for the

different compounds of the system have been checked

through the Rietveld method combining XPD and NPD data.

In all the compounds of this family the O atoms related to the

{MoO4} tetrahedra exhibit very strong displacive modulations.
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